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AUTOMORPHISMS OF RANDOM GRAPHS
WITH SPECIFIED VERTICES

B. D. MCKAY* and N. C. WORMALD*
Received 15 August 1982

Conditions are found under which the expected number of automorphisms of a large random
labelled graph with a given degree sequence is close to 1. These conditions involve the probability
that such a graph has a given subgraph. One implication is that the probability that a random unla-
belled k-regular simple graph on n vertices has only the trivial group of automorphisms is asymptotic
tolas n—o with 3=k=0(#*/*~%). In combination with previously known results, this produces
an asymptotic formula for the number of unlabelled k-regular simple graphs on # vertices, as well as
various asymptotic results on the probable connectivity and girth of such graphs. Corresponding
results for graphs with more arbitrary degree sequences are obtained. The main results apply equally
well to graphs in which multiple edges and loops are permitted, and also to bicoloured graphs.

1. Introduction

One of our main aims is to show that the proportion of unlabelled k-regular
graphs on n vertices which have no symmetries is 1+ O (™Y as n—o with k=3
fixed. For k=3 and n=40, this trend is supported by the data given by Robinson
and Wormald [12]. Equivalent statements of this property are that the expected num-
ber of automorphisms of a random k-regular labelled graph is 1 +O(n 1), or that the
number of labelled k-regular graphs is asymptotic to #! times the number of unlabel-
led k-regular graphs as n—ce with k=3 fixed. Amongst other things, this establish-
es an asymptotic formula for the number of unlabelled k-regular graphs. Most of
our results are actually derived in a setting which is much more general than this, and
apply just as well to graphs or coloured graphs in which the minimum degree is 3 and
the maximum degree does not increase too quickly with » (for example, with bounded
maximum degree).

In the next Section we prove the central result, setting forth sufficient condi-
tions for the expected number of automorphisms of a random labelled graph from an
arbitrary class of graphs to be 1+0(1). In order to apply this result, it is necessary to
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have a suitable upper bound on the probability that one of the labelled graphs in the
class under consideration contains a given set of edges. This is done in Section 3.
One of the more interesting applications is the establishment of an asymptotic for-
mula for the probability that a random unlabelled k-regular simple graph has a given
connectivity and/or girth, with & fixed.

2. The main result

The definitions given here apply throughout this paper. A graph can have
loops or multiple edges, but a simple graph cannot. The edges of a graph include its
loops, if any. Multiple edges, which are usually treated as sets of parellel single edges,
will instead be treated as single edges with a nonnegative integral multiplicity.
A subgraph H of G has the same vertex set as G and each edge of H has at
most the multiplicity of the corresponding edge in G. A full subgraph H of G is a
subgraph such that each edge of non-zero multiplicity in H has exactly the same mul-
tiplicity as the corresponding edge of G. If G is labelled, its vertices are labelled with
1, ..., n, in which case »; denotes the vertex labelled i. Thus we regard all labelled
n-vertex graphs as having the same vertex set. The degree sequence of G is then (k,, ...,

., k,) where k; is the degree of v, each loop contributing 2 to the degree of its inci-
dent vertex. By an automorphism of G we mean a permutation of {v;, v,, ..., v,}
which preserves G (so that edge multiplicities are preserved). Let.¥ be a set of labelled
graphs and denote by %, the set of n-vertex graphs in & We require that all elements
of &, have the same degree sequence, denoted by (k, ;, ..., k, ,). The theorem in this
section will deal with the expected number, denoted by T(n), "of non-trivial automor-
phisms of a graph chosen at random from &,. For this purpose, %, is regarded as a
probability space in which the probabilities of different graphs occurring need not be
the same; the following theorem holds for any probability distributions.

We denote by d=4(n) the minimum of k, ; for j=1,...,n, and by 4= An)
the maximum, and put B=pm)=1/(34+24). We only consnder classes & for which
d(m)=1 and A(n) is always finite. The number of k, ; which equal i/ is denoted by
n;=n;(n).

On various occasions we use the following implication of Stirling’s formula for
factorials: ) )
(o)) = it = (o).
We also use the following elementary results.

Lemma 2.1. The number of ways of arranging x indistinguishable pigeons in y dis-
+y—

1 s
* , which is mono-

tinctly numbered pigeonholes, each of unlimited capacity, is (x
tonically non-decreasing in both x and y for x, y=0. |

Our pigeons will be edges and our pigeonholes will be pairs of vertices.

Lemma 2.2, For non-negative integers x,y,a and b,

(B3 =(52)
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Lemma 2.3. Let a=0 and x=1 be integers, and t=0. Then, for 0=b=x,

l‘“’b] 0(x) (i ]]x
t”[ p 1= T

Proof. For non-triviality take b=0. Observe that
l[a+b]<_l[a+b}”s(cua+bn”
U b )70 )T bt ’
a+b

¢

Since ( ] /t? is unimodal or monotonic increasing in b, the maximum for 0=b=x

occurs at b=x or at the greatest b for which (a+b)/tb=1. The first case gives the
bound (O(a+x)/tx)*. In the second, (@+b)/b=t+(1/b) and so we have the bound
O(1)’=exp (O(x)), as x=b.

An acceptable function for & is a function f(n) such that for alln, M=1 and
for every labelled graph H with »n vertices and M edges, the probability that H is a
full subgraph of a random member of &, is at most (f(n)/n). Here, and elsewhere,
each edge is counted according to its multiplicity.

In the following theorem, o() and O() refer to the passage of n to infinity,
where n only takes values for which |#,|=0. The constant implicit in O() depends
only on the function f(n), and not otherwise on the k; ; or &.

Theorem 2.4. Suppose that f(n)y=1 for all n and that f(n) is acceptable for %

) If 6=6 and f(n)*=o0(n'~%%), or if 3=86=S5 and f(n)2T18¥ =o(n2+8F-8/%),
then T(m)=(0(1)f(n))2/n® 2

(i)  If f(n)* T 2=0(nf), and n f(n)*F+RR=o@P+13) for ic{l,2}, then T(n)=
=z(n) where z(n)=0(l) is a function which depends only on f(n) and not otherwise on
& or the k; ;.

Proof. Clearly, T'(n) is the sum over all permutations ¢ of the probability that a
random member G of &, has ¢ as an automorphism. This probability can be obtained
by summing, over all graphs H, the probability that H is the subgraph of G con-
taining just those edges moved by o, and that ¢ is an automorphism of H.

Let U and R be disjoint subsets of {vy, ..., #,} with |U|=2u, |[R|=r, and
and 2u+r=0. We first seek an upper bound on the expected number, B(U, R),
of automorphisms ¢ of a graph G chosen randomly from &,, such that U is the sup-
port of the 2-cycles of ¢ and R is the support of the cycles of length at least 3. Sum-
ming over all U and R and all v and r, with U and R not both empty, will give a
bound on T(n).

Let G(U, R) denote the full subgraph of G with edge set consisting of precisely
those edges of which at least one end is moved by ¢. Clearly

B(U,R) = 3 3 Prob(G(U, R) = H),

where the first sum is over all feasible ¢ and the second is over all graphs H with
vertex set ¥ and fixed by a such that at least one end of every edge of H is moved by o.
Obviously we only need to consider graphs H whose vertex degrees agree with G on
UUR.
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Let k(U) and k(R) denote the mean degree of vertices in U and R, respectively
(ie. k(U) is the mean of k, ; for all i such that #,€¢U). Since all k, ; are at least I,
so are k(U) and k(R). Put k(@) =1 for consistency. A diagonal of a 2j-cycle of ¢ is
a non-loop edge of H which has both ends in that 2-cycle and has its ends interchang-
ed by ¢/. We define the following parameters for o and H: o has

/ 3-cycles,
s 4-cycles,
h 6-cycles,

and H, given o, has

w diagonals of 2-cycles,

2t diagonals of 4-cycles,

3d  diagonals of 6-cycles,

2x  edges with both ends in U other than diagonals of 2-cycles,

y edges between U and R,

3m  edges with both ends in 3-cycles,

a edges with both ends in R other than the 2¢+ 3d+3m already counted.

By counting edge-ends we have:

2.1 2wHdx+y = 2uk(U),
2.2) 4t+6d+6m+2a+y = rk(R),
and clearly

(2.3) 3l4-4s+-6h =r.

The number of possibilities for a permutation ¢ of the type under considera-
tion, given /, s and /7, is at most

Q2w r!
ul24311 455164 h!

and hence at most

2.4) Qu)! r!

ull!

We next estimate the number of possible arrangements of the edges of H within
RUU, given o, by bounding the number of possible arrangements of the edges in
each of the edge sets whose cardinalities are specified above. Since each such edge set
is fixed by o, each is determined by choosing which of the possible edge-orbits are
present, and with what multiplicities. If 7 edge-orbits (counting multiplicities) are
present in H amongst a set of j distinct possible edge-orbits (not counting multiplici-
ties), then the number of possible arrangements of these edge-orbits of H is (J _Hi 1]
by Lemma 2.1 As a result we obtain the following bounds on the number of arrange-
ments of the edges specified. In each case we note i/ and j. By Lemma 2.1, any overesti-
mate of i or j yields a valid upper bound on the number of arrangements.

For the w diagonals in u 2-cycles, i=w and j=u and the bound is

@.5) [”J“x,’”]].
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For the 2¢ diagonals in s 4-cycles, i=¢ and j=s and the bound is

s+1—1
(2.6) [ ! ) .
For the 3d diagonals in % 6-cycles, i=d and j=/ and the bound is
h+d—1
2.7 [ d ] .

For the 2x non-diagonals with both ends in U, each edge-orbit contains 2

edges and the number of distinct possible edge-orbits is 2[;]+u, so i=x and

j=u? and the bound is
Ww+x—1
2.8) ( 2 ]

For the y edges between R and U, all edge-orbits have cardinality at least 4
and there are just 2ur distinct possible edges joining R and U, so i=y/4 and j=ur/2

and the bound is
[ur/2]+1y/4]—1
@) ().

. . { .
For the 3m edges with both ends in 3-cycles, there are (;]-{—31 distinct pos-
sible edges in orbits of 3 each, so i=m and j=/(3/+1)/2 and the bound is

[l(3l+1)/2+m—1]'

m

(2.10)

For the a other edges with both ends in R, there are [£]+r distinct possible
edges in orbits of cardinality at least 4, so i=g/4 and j=r(r+1)/3 and the bound is

2.11) [lr(r-rl){swa/zu—l]'

The choices of the edges of H within UUR determine the ends in U of the
edges between UUR and V\(UUR), for any graph whose degrees in UUR are
specified. To complete a choice of H, we therefore only have to decide for each re-
maining orbit of edges, which vertex fixed by o is at the other end. Our bound on the
number of possibilities for this vertex is n in each case. This yields the following bound
on the numbers of arrangements of the specified edges.

For the 2uk(U)—2w—4x—y edges between U and V\(UUR), the orbits
are of cardinality 2 and the bound is

(2.12) ok (U) —w —2x—y/2.

For the rk(R)—4t—6d—6m—2a—y edges between R and VN\(UUR), in
orbits of cardinality at least 3, the bound is

(213) n(rk(R) —4t —2a —y)/3—2d—2m.
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The total number of edges in H is
M =2uk(U)+rk(R)—w—2t—3d—2x—y—3m—a,
so that the probability that G(U, R) is H is at most

(2.14) (f ()/m)™,

by the hypotheses of the theorem.
The product of (2.12)—(2.14) is, using (2.2), at most

(2 1 5) f(n)2uk(U) +rk(R) —w—2t -3d -2x—y—38m—a n —uk(U) —rk(R)/Z_

We can now obtain an upper bound on B(U, R) by summing the product of
(2.4)—2.11) and (2.15) over all /s, h, w, t, d, x, y, m and a satisfying (2.1)—(2.3).
We obtain a bound on the general term and multiply by the number of terms after-
wards.

Firstly consider all factors involving s, 4, w, t and d. Those in (2.15) can be
ignored since f(n)=>1. The product of (2.5)—(2.7) is at most

s+ttut+wrd+h
t+w+d

= 2s +t+u+w+d +h.

], by Lemma 2.2,

Since 4s+6h=r by (2.3), 4t+6d=rk(R) by (2.2),and 2w=2uk(U) by (2.1), thisis
(2.16) £OUK(R) +uk(U))

The factors involving x and y are

x—l 2 /41 -1 2x—y < : 2 4 2} —x—|y/4
[u +; ][lur/ jf;/lij/ | ]f(n)— - [u +lu;/+ll;/)f1;rly/ J](f(n)) Lyl

using Lemma 2.2 and f(n)>1. Since x+|y/4)=uk(U)/2 by (2.1), this is at most

0 (u+ r) )uk(U)l‘_’

@1 exp (O (uk(U) + (20D

by Lemma 2.3, as k(U)=1.
The factors involving m,a and / are

l{l’("+1)/8]+la/4j—1](l(3l+1)/2+m—1
n la/4] m

_ 1(lr(r+ 18} +1@3I+1)/2+m+|a/4] S\ —m—1a/4
=ﬁ[ m+|a/d| ](f(”)) .

Put a=k(R)B=k(R)/(34+24). We consider two cases.
Case 1. I=ar.
Since 6m+2a=rk(R) by (2.2) and 3m=3/4/2=3ard/2, we have
m+af4 = r(k(R)+ad)/8 = r(k(R)/6—a).

) ry-sm-e =
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So by Lemma 2.3, the above factor is at most

2 1 ]r(k(R)}G—(z)
Lk (R)6—a]rf(n)* * f (n)a] -

O(r+ 1) ]r(k(R)/s—a)
Sy

(2.18)  exp(O()rk(R))+ [0(1)(

=exp(O(1)rk (R))+(

as a=k(R)/8.

Case 2. [=ar.
Here we use m+|a/4]|=rk(R)/6, so that by Lemma 2.3 the contribution in this
case is, for r=0, at most

k)

rk(R)/6
exp (07K (R) + gy ()

(ar)!
which is also at most (2.18).

Since each of the variables /, s, A, w, £, d, x, y, m and a has at most rk(R)+
+2uk (U) possible values, the number of possible sets of values is exp (O(rk(R)+
+uk(U))). Multiplying this by the factors remaining in (2.4) and (2.15), together
with (2.16), (2.17) and (2.18), we now obtain

(2.19) B(U, R) =

B (2u)! r! 0(1)f(n)2 llk(U)+rk(R)l2[ 0(u+r) uk(U)/2 ] [ 0(u+r) r(k(R)/6 —a) ]
- (u+r)“[ n ] [ f(n)? ) +1 [ f(n)® ] +1y.
Here we have used 1/u!=exp (O (u+r))/(u+r)~

To prove (i), we proceed by observing that the number of choices of the sets U

and R given v and r is [:I] (nz—ur) =n"*2/(r!(2u)!). The expected number of auto-

morphisms of G with u 2-cycles and r vertices in longer cycles, with r+2u=0, is at
most this times (2.19), which is

(2.20) (AW 4 BukU)) (HERI/6 . Brk(R)/6)
where
Ay = 0(1)(”_.!_r)l/Z*l/k(U)f(n)/nl—2/k(U,

By = O (1) f(n)*[n'~2HO,
AR — 0(1)(u+r)1 —sﬁf(n)3+18ﬁ/n8-e/k(R),
By = O(1) f(n)°[n®~ /KM,

and k(U) and k(R) each have whatever values, between é and 4 inclusive, maximise
(2.20). Since n*/(u+r)=1 for n=1, we have

L (u+r)—1/k(v) = nz/&(u_’_ r)—l/é,
so that 4, is maximised for k(U)=§. Clearly, the same holds for By, 4y and Bp.
Thus, putting C=f(r)*/n*~%%, we have By=0(1)C, and Br=0(1)C% Since

u+r=n we also have Ay=0(1)CY2 Also, putting D=f(n)**186/n2+80=8/5  we
have Ar=0(1)D as u+r=n.
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Since C3/2+9|D=pU-800-882 and B1/24, C=0(l) implies D=op(1)
for =6 and D=o(l) implies C=0(1) for 3=5=5. By the hypotheses of (i),
therefore, C and D are both o(1) in either case, and so Ay, By, Az and By are all
o(1). Hence {2.20) attains its maximum possible value for # large by putting A(U)=
=k(R)y=4. Thus T(n) is at most the sum, over all u and r such that 2=2u+4r=n
with r>21 and r#2, of (AP +Bi)(AR+ BR/°). Since Ay, Ag, By and By are all
0(1), this sum is O(1) times the sum of its two ““worst” terms; i.e. the term with u=1
and r=0, and that with #=0 and r=3. Here and henceforth, O(1) depends on
the functions represented by o(-) in the statement of the theorem. We now have from
(2.20) that

T(n) = A+ B+ Az + Bg

where

A = (0 (l)f(n))"/n"—z,

By = (0 (1) f(m))*/n’~2,

A;{ — (0(l)j,.(n))3o'/2+9fié/n3(§—2);2’
and

By = (O(1) f(n)?/n>@=2r2,

Clearly A;=0(1)By,, and Ax=0(1)By as 98=3/11 for A=6=3. Also, Bg=
=B, (O(1)C)°".  As we have already scen, C=o(l) and thus Bi= o(l)BU It
follows that T'(n)=0(1)By;, and (i) is established. Naturally, this argument is simpler
in the special case of k-regular graphs, for which A(U)=k(R)=k.

To prove (ii) we first let 1; and r, denote the numbers of vertices of degree Jin
U and R respectively. Then the number of choices of U and R with |U|=2u and

|R|=r is at most []( ](:1] where the product here and in what follows is for

i=1,...,4. Also, 2uk(U)=Jiu; and rk(R)=Jlir;. Hence, by (2.19), T(n) is at
most the sum over all # and r such that 1=wu+r=n and r=3, of

(2.21) Qu)! )~ 3 [ 1 [’;) A+ Byrt JT [’r’i] (AHB")':-),

where 3'* denotes the sum over all ; and r; such that w,+...+u,=2u and r+...
..+r,=r. and this time

Ay = (u+n)"o @) f(m)'2n12,
B=0()f(n)n""2,
and
Ag = (u+n)=P0 1) f ()P P21 = O(1) f()¥ H1En 13,
To obtain (2.21) we also used AnkU) . pRakD) < TT( A% 4 By,
2u

Since r']][ ] ( )H"« and(2u)‘]][ ]<(ul ey

1S at most

2.22) ) (3 B (3 ni(df+ B

] IIH, @221

Fi»
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We have from the hypotheses of (ii) that f(2)* /2 is o(n"), so certainly nB*=o0(1),
as p=1/9. Thus the sum of n,B' from i=3 to 4 is o(1). Also, for i=1 and 2,

n B is
o (1)(nif(n)3ﬁi+ i/2/n{3i+ i/s) (f(n)i/2—3/}i/ni/6—ﬂi)’

and the two factors here are both o(1) by the hypotheses of (ii). For i=3,
n; AL (u+r)~Y2 is at most

ni(uAnPRO W) f () Pn =% = (0 (1) f () niA= V2 = (0 (1) f (m)2n —212).

Since f(m)*=o0(n), it follows that the sum of nAL(u+r)"12 from i=3 to 4 is
o(1). For i=1 and 2, (u+r)~"?n, A, =n;B'=0(1) as we have seen. Finally, nA
is o(1) for i=1 and 2 by the second hypothesis of (i), and its sum from i=3 to 4
is 0(1) by the first hypothesis. It follows that the sum of (2.22) or (2.21) over # and
such that 1=w+r=n is o(l), and thus T(m)=o0(1). 1

From the proof of Theorem 2.4 it is possible to obtain a bound on T(n) in
part (ii) as is done in part (i), if so desired. Also, (2.22) can be used to take account
of n; for i=3 to obtain a slightly stronger but more complicated variant of (ii).

3. Applications

To apply Theorem 2.4, we need an acceptable function f(n). All our applica-
tions will be to classes & in which all the graphs in &%, have equal probabilities.

Estimates of such an f{#) have been previously found (explicitly or implicitly)
for many classes of graphs (see [2], [3], [6], [7], [8], [9] and [13] for examplk). In all of
these except [7], [8] and [9], the maximum degree must be constant or very slowly
ncreasing.

Here we will find an acceptable function f(#) for a very general class of graphs
which includes all those considered in the papers mentioned above. The proof techni-
que is a generalization of that used in [7]. By “switching” the edges of a subgraph
with other edges of the graph in almost all possible ways, we obtain a reasonable
bound on the probability of that subgraph occurring in a random graph.

For each integer n, choose a partition n of V= {v, v, ..., v,}, integers
m, =0 and m,=1, and a non-negative integer sequence g, gs, ..., g, (not all zero).
The set F=F,(ny, My, T, gy L2» -.-» £,) 15 defined to be the class of all graphs G
with vertex set V' such that
(i)  the degree of v; is g; (1=i=n), and
(i)  the multiplicity of an edge (possibly loop) vw of G is at most m; if » and w
are in the same cell of = and at most m, otherwise.

For example, if m,=0, my;=1 and = is discrete (n cells) we obtain the class of
simple graphs with degree sequence g,, g3, ..., 8,. If m,=0, my=1 and = has two
cells, we obtain simple bipartite graphs.

If &,=9 (which we assume henceforth), &, is made into a probability space
by giving each graph equal probability.

Let L and H be graphs with vertex set ¥ and degrees /y, /5, ..., [, and by, By, ...,
..., h,, respectively, where h,=/=g, for 1=i=n. Write HES L if His a subset of
L.For HSL, ¥,(L, H) is defined to be the set of all graphs G¢.%, such that, for
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each edge vw of non-zero multiplicity in L, the multiplicity of vw in G is the same as
the multiplicity of »w in H.
For », we V, define H+w»w to be the graph formed from H by increasing the

multiplicity of the edge »w by omne. Define Mg=1/2 > g, M =12 31,
i=1 i=1
My=1/2 3 h;, d=max, <,<,g, and m=max {m,, m,}.
i=1

Lemma 3.1. Let H+vw; S L, where i#j. Then

((MG_MH)/m‘Sdz)Igfx(L’ H+Uivj)| = (gi_hi)(gj—hj)lvy;(lo H)|.

Proof. Let K be the number of pairs (Gy, G,), where G,€%(L, H+uv)), Gi€
€%, (L, H) and G, can be obtained from Gy, via one of the opcrations shown in
Figure 1 (for some x,y).

In Figure 1, the numbers on edges indicate their multiplicities, and edges not
drawn as loops are not loops. Given G,, it is clear that x and y can be chosen in at
least (Mg — My)/m—84% ways, no matter what « is. (Essentially, we can choose any
edge xy in G\ H unless it is either too close to w; or v;, or if the operation will
violate m. The number eliminated by the latter restrictions is at most 84%.) Conver-
sely, given Gy, x and y can be chosen in at most (g;—h;)(g;—h;) ways. Therefore

K = (Mg—My)/m—384%)|% (L, H+vv;),
and
K= (gi—h)(g;—hp)|% (L, H)|,

which imply the required inequality. J]
Lemma 3.2. Suppose that H has only loops, and let H+v;v,;S L. Then
(Mg~ My)/m—848) | %, (L, H+v;p)| = (gi—h)(gi—hi—D|Z (L, H)|.

Proof. Let K be the number of pairs (G,, G,), where G,€%,(L, H+v;v), Go€
€% (L, H) and G, can be obtained from G, via one of the operations shown in Fig-
ure 2 (for some x and y).

-1

x 0y Xy
vy o Yy v -] vy

A A1

X X

b) 0 0 — - 1 1 b)

KT A y @1

G] GZ G] Gz

Fig. 1 Fig. 2
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As in the previous Figure, edges not drawn as loops are not loops. Given G,
there are at least (Mg —My)/m—84? ways of choosing x and y. Conversely, given
G, there are at most (g;—#,)(gi—h;—1) ways of choosing x and y. Therefore

K = ((MG_MH)/"I _8A2){‘%|(L’ H+U,-U,)l,
and

K = (gi—h)(gi—hi— D[S (L, H)I,
which imply the required inequality. J

Theorem 3.3. Suppose that Mg;— M;=8mA* Then

e, ™ e
G = (Me-84m)Pia

where x=x(x—1)--(x—y+1).

Proof. Repeated application of Lemmas 3.1 and 3.2 show that the expression on the
right is an upper bound on |%,(L, L)|/|%,(L, 0)|, where § denotes the graph with
no edges. This in turn is clearly an upper bound on |%(L, L){/|%). §

Corollary 3.4. Let A’m=0(Mg) as n--. Then
e(1+o(1)) mna?
is an acceptable function for &

Proof. A simple application of Stirling’s formula is that xP1=(x/e)*, if x=y=0.
The probability that L is a full subgraph of a random graph in %, is
|%(L, L))/
Suppose firstly that Mg— M, =8mA4% Then, by Theorem 3.3,

AL DI et (st ) (el o)y
Fl = dg—sazma = Uit,—84m ) = M, '
Suppose, on the other hand, that M;—M; <8mA% Then, by changing the

the multiplicities of one or more of the edges of L to zero, we obtain a subgraph L’
of L such that L” has at most Ms;—84%n and at least My —(842+1)m edges. Then

L& D) _ ¥ LY) _ [mA2e(1+o(]))]Mc—(8d’+1)m B
A M, =

=[mA2eglll:~0(1))]MG [mAzegll:o(l))]ML. "

=

The function f(n) in Corollary 3.4 can be substituted into Theorem 2.4 to
obtain a quite general bound on 7'(n). Particularly interesting special cases are for
regular graphs and for graphs with 4 bounded, so we examine the resulting bound on
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T(n) for these types of graphs in particular. We emphasise that since Corollary 3.4
is independent of =, the following four corollaries have equally valid formulations for
simple graphs, general graphs, bicoloured graphs, or for graphs with any colour
partitions, so long as m is uniformly bounded. It is likely that even the latter restric-
tion can be weakened, but we have not done so.

Corollary 3.5. Suppose k(n) is any integer function satisfying 3=k(n)=0(n/%7¢),
Jor £=0. If &, consists of the set of labelled k(n)-regular simple graphs on n vertices,
then T(my=o(l).

Proof. By Corollary 3.4 we can use f(n)=0(k(n)). The claim now follows from
Theorem 2.4(1). |

Corollary 3.5 has been independently discovered by Bollobas [5] for constant
k(n).
Corollary 3.6. If & is such that m and 4 are bounded above and §=3, then T(n)=
=0(n2"%).

Proof. In this case f(n)=0(4% is bounded. ||

Corollary 3.7. If & is such that m and A are bounded and n;=o0n**'%) for ic{l1,2},
then T(n)=o(1).

Proof, This is from part (ii) of Theorem 2.4, |

Note that since the bounds in Theorem 2.4 are uniform over all appropriate
degree sequences, the last three corollaries and all similar results also apply to classes
& containing all graphs with any number of degree sequences. The following extends
Corollary 3.6 in this way.

Corollary 3.8. The expected number of non-trivial automorphisms of a labelled simple
graph with a given degree sequence k, ..., k, in which each k; is at least 6=3 and at
most A, is O(n*~%) where O() denotes a bound depending only on 4. |

In order to study the probability of a random unlabelled graph having just
the identity automorphism group we use the following simple result. For any graph
G let a(G) denote the order of the automorphism group of G. Let % be a set of unla-
belled graphs on n vertices and let ¥ =.% (%) be the set of labelled versions of graphs
in %. Let ¢ =¢,(%) be the proportion of elements Gé# with a(G)>1, and let
&=[Z|"1 ¥ (a(G)-1).

Gew

Lemma 3.9. ¢,=2¢,/(1 +&,)=2¢,.

Proof. |Z|=(1—e)n!|%|+en!|%)/2= (1 —(e,/2))n! |%|.
Also

— |1 _nt i
g = |Z| (GC_Z;,a(G)a(G)] l_n!|$|

The lemma follows. ||

The partition of an unlabelled graph is the unordered multiset of degrees of
its vertices. As usual, é denotes the minimum degree and 4 the maximum.
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Coroliary 3.10. Consider a partition P of n degrees in which 6=3. The proportion of
unlabelled simple graphs on n vertices with partition P which have at least one non-iden-
tity automorphism is O(n*=%), where O() denotes a bound depending only on A.

Proof. The result of Corollary 3.8 can be summed over all degree sequences obtainable
by ordering the partition P. Lemma 3.9 now completes the proof, with % being the
set of unlabelled graphs with partition P. |

One can alternatively obtain a result more general than Corollary 3.10 by using
the full power of Theorem 2.4 and Corollary 3.4, instead of Corollary 3.8. But one
of our main objects is the establishment of asymptotic formulae for the numbers
of various types of unlabelled graphs, based on existing formulae for numbers of
labelled graphs. In the latter formulae, 4 is usually bounded or increasing very slowly.

Lemma 3.11. With %, % and ¢, as in Lemma 3.9, if e=0(1) then [%|=[<L|(1+
+o(1))/nt.

Proof. n!|%|=|Z%|=n!|%|(1—¢). 1

Corollary 3.10 and Lemma 3.11 can be used with the known asymptotic
formula for the number of labelled simple graphs with given degree sequence (see
Bender and Canfield [3]) to obtain the following asymptotic formula for the number
of unlabelled graphs with a given partition. One merely has to divide the formula for
labelled graphs by #! and multiply by the appropriate multinomial to account for the
number of ordered degree sequences corresponding to an unordered partition. Similar
formulae are obtainable in the same way for multigraphs from [3] for pseudo-
graphs from [14] and for bipartite graphs with or without multiple edges from Békéssy
et al. [1].

Corollary 3.12. The number of unlabelled simple graphs with precisely d(i) points of
degree i for i=3,..,4 is
2m)! e‘72_7(1 +o(1))

m! 2"‘ (d (N EN'D)

A
as n-o where m=1/2 Z’zd(z) is an integer, n= Zd(l) y= 2 i(i—-1)d(i)/4m,

=3
and o(l) denotes a functzon depending on the d(i) but whose convergence to O as
n—eo is uniform over all partitions as long as A is bounded. |

Amongst other things, this gives an asymptotic formula for the numbers of
unlabelled r-regular simple graphs, with r fixed, agreeing with [5]. The same formula
is in fact valid r=o0(n'/®), as is proved by the application of Corollary 3.5 to the
labelled enumeration in {9]. A similar enumeration of unlabelled regular bipartite
graphs with degree o(n'/®) follows from [8].

Our final observation is the well-known trivial connection which transiates
many of the known properties of random labelled graphs to properties of random
unlabelled graphs. Firstly, if % is a class of unlabelled graphs, let %, denote the sub-
class of m-vertex graphs in %.

Lemma 3.13. Suppose U'C % and define P(n)=|L (UL (U,)|. Suppose further
that &(U)=0(1)P(n) as n—oo. Then |U,||%,|=P(n)(1+0(1)) as n-oo. |

6
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Thus, for instance, if % is the set of k-regular simple graphs (for k=3 fixed)
and %’ is the subset of k-connected k-regular graphs, then we know by the results of
[15] that P(n)=1+o0(1) in Lemma 3.13. Thus Corollary 3.8 and Lemma 3.9 imply
that the proportion of unlabelled 4-regular simple graphs on n vertices which are
k-connected is asymptotic to 1 as n—~c (k=3). Similarly, the proportions of unla-
belled k-regular simple graphs with given cyclic connectivity are obtained from [15],
and with given girth from [14]. The k-connectivity and girthresults also extend to graphs
with arbitrary degree sequence s, as long as the degrees are in the range 3, ..., 4 with
4 fixed.
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